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Invisibility Devices

Eren Erberk Erkul — Einstein ↔ Electromagnetism



∇× E = −∂tB, ∇·B = 0, ∇×H = ∂tD + J , ∇·D = ρ

The covariant free-space Maxwell equations are equivalent to
electromagnetism in a material medium (Tamm, 1924; Plebanski,
1960).

D = εE +
w
c
×H , B =

µ

εc2
H − w

c
× E

εij = µij =

√
−g
g00

g ij , wi =
g0i
g00
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Virtual vs. Physical Space

A coordinate deformation (left) is realised by a graded εij , µij profile (right). Light rays follow
geodesics of the virtual metric while propagating through an ordinary laboratory sample.
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Spacetime transformations in moving media

wi =
g0i
g00

=⇒ w lab
i =

n2 − 1

1− u2n2/c2
ui

Motion couples E and B through g0i . Flow,
rotation, or sound waves mimic frame dragging.
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The Big Picture
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The Idea
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Optical Metric in ADM Form

Transformation optics

ds2 = g00 dt
2 + 2g0i dt dx

i + gij dx
idx j

ADM (3 + 1) split

ds2 = −α2dt2 + γij(dx
i + βidt)(dx j + βjdt)

Identify the optical metric parameters via g00 = −α2 + γijβ
iβj , g0i = γijβ

j , gij = γij .
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ADM Constraint Equations

(3)R + K 2 − KijK
ij = 16πG ρ, Dj

(
K ij − γ ijK

)
= 8πG j i

ρ and j i are supplied by the electromagnetic energy density and Poynting vector once the

mapping is complete.
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Visualising the ADM Constraints
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ADM Evolution Equations

∂tγij = −2αKij + Diβj + Djβi ,

∂tKij = −DiDjα+ α
(
(3)Rij + KKij − 2KikK

k
j

)
+ . . .

Set g00 = −1 (α = 1) and identify the optical metric

γij(x) =
(
det ε εij

)−1
.
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Self-Gravity of Light

Electromagnetic field as source:

ρ =
1

2c2
(
D ·E + B ·H

)
, j =

1

c2
E ×H .

This scenario naturally arises, e.g., in the early radiation-dominated universe.
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Weak-Field Approximation

Assume
gij = δij + hij , |hij | ≪ 1.

Gauge choice βi = 0 gives
Kij = −1

2 ∂thij .

Linearising the constraints then leads to familiar wave equations.
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Optical Analogue of Gravitational Waves

Hamiltonian constraint

∂j∂kh
jk −∇2h = 0, Momentum : ∂j ḣ

ij − ∂ i ḣ = 0.

TT-gauge isolates two radiative degrees:

1

c2
∂2
t h

TT
ij −∇2hTTij = 0.

Identify hTTij = δεTTij to obtain the optical wave equation for dielectric perturbations.
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Plane-Wave Solution
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Another Einstein↔Maxwell Lens: DGREM (Most et al. 2022)

Maxwell

Aµ
d−→ Fµν = dA

d ⋆F = ⋆J

homogeneous / inhomogeneous

⇐⇒ DGREM

θâ
d−→ F â = dθâ

d uâ = t â + κT â

Nester–Witten / Sparling

after Phys. Rev. D 105 (2022) 124038
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Why DGREM helps simulators

First-order & hyperbolic

∂tD
â
k − ∇× H â = − J âk

Flux-conservative core

∂tU + ∇·F (U) = 0

Machine-precision constraints

∇·D â = ρâ, ∇·B â = 0
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Two roads, one goal
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Take-Home Message

Gravity ←→ Optics
Transformation optics + ADM split

gµν ←→
(
εij , µij , w

)
Weak-field limit ⇒ tabletop gravitational waves.

Design materials ≡ design geometry.
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